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Consultation de
moteur de recherche
Recherche dans la
base de documentation
Demande de ren-
seignements
Tri parmi l’ensemble des réponses
Besoin
satisfait ?
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GESTION DU CONTENU
•Classification des éléments du
site
•Gestion des éléments du site
Web
Données utilisées : éléments de
contenu, taxonomie, thésaurus
FOUILLE DU WEB
•Analyse des documents consultés
(“web usage mining”)
•Analyse du contenu du site (“web
content mining”)
Données utilisées : base de connais-
sances, historique, profil d’utilisateur
Journal d’accès
aux pages (“Logs”)
Serveur Web
Module de
publication du site
Module de
recommandations
interface
utilisateur
Partie de l’application “en ligne” Partie de l’application “hors ligne”
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Sn+1 = Sn − rSnIn
In+1 = In + rSnIn − bIn
Rn+1 = Rn + bIn
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x
f(x)
a bc
2
b−a
Ô#ÕoÖ#×FŁ  '#"%$'&%(*),+-$'&/.102.10*&%3,+4)657.10981:6$Eﬁ;(1+4<4+4)657.10=<>;<-$'+),:,+>;?&J@<-0

&+4&A),:6$A.CB1+-3D;?&A)E),:6$'+-3F&%$'B1G0*<4<-0H3FG@;?:,+>;(1<-0H3
Tmin, Tmax
0*)
Tmod
8I$'B1:F(6Jﬁ;EAB%0/(H$K0  F(*+-0*&)K&%$'B%3
$E1)60*&%$'&%3L<-0H3M<-$'+-3N3,B1+4G@;?&)60H3
á


T fn ∼ Triang(T
f
min, T
f
mod, T
f
max)
T bn ∼ Triang(T
b
min, T
b
mod, T
b
max)
T cn ∼ Triang(T
c
min, T
c
mod, T
c
max)
T an ∼ Triang(T
a
min, T
a
mod, T
a
max)
O
%&P.10=8Q$'B1G$'+4:R3KS;UTQ:D;?&%(DJ1+4:V.102<>; (H$'&),:D;?+4&A)607)60*W 8I$':60*<4<-0X.CB1:D;?&A)L<-0H3R3,+4W7B1<>;?),+-$'&%3K(H0H3L(Cø F(*+-0*&A)
36$'&A)X0
Û
81:,+4WY5H37<-0H3XB1&%370*&

$'&%(*),+-$'&Z.10H3[;?B1),:60H3KŁV$'B%3;\G$'&%378I$'B1:X(H0*<>;

;?+4)2B1&Z(H0*:,)D;?+4&]&%$'W$1:60#.10
(DJ%$'+
Û
81:65\;?<>;(1<-0H3
á
à
<>;!<-$'+N.10^.C+-3,),:,+61B1),+-$'&_0H36)Y(H$'&%3,+-.10*:65H0/.%;?&%3F<-0^(\;'3 8ﬁ;?:,),+-(*B1<4+-0*:E$_0*<4<-0^0H3,)Y31éKWY5*),:,+LB%0)`.1$'&%(
Tmax + Tmin = 2Tmod
à
<-0H3R;(0*&)63L$EI5*+-36360*&A)N)6$'B%3[<>;W,à*WY02<-$'+.10981:6$Eﬁ;(1+4<4+4)65)ﬁ.1$'&%(
T b ' T f
à
<>;G@;?<-0*B1:NWY$K.%;?<-02.109<S;'(*),+4GK+4)657.10H3L;(0*&A)63
T fmod
360*:,)R.109)60*W 8%3L.109:65

5*:60*&%(H0

&#81:60*W +-0*:M<4+-0*BC&%$'B%3a+4&),:6$K.CB1+-36$'&%3M.10*B
Û
(Cø F(*+-0*&A)63
kc
0*)
ka
8Q0*:,WY0*),)D;?&A)N:60H3,8I0H(*),+4G0*WY0*&)L.b0
Û
ï
81:,+4WY0*:
T cmod
0*)
T amod
0*&

$'&%(*),+-$'&#.10
T fmod
Ł=úR&c;?B1),:60V(H$A0  F(*+-0*&A)
γ
8I0*:,WY0*)ﬃ.10V.15%&1+4:<b5*)D;?<-0*WY0*&A)N.10
<>;<-$'+0*)N.1$'&%(2<b5H(\;?:,)L0*&),:607<-09WY$A.1020*)MB1&%07.10H3Q$':,&%0H31W +4&1+4W7B1Wd$'BeWF;
Û
+4WXB1WŁ


T fn ∼ Triang((1− γ)T
f
mode, T
f
mode, (1 + γ)T
f
mode)
T bn ∼ Triang((1− γ)T
f
mode, T
f
mode, (1 + γ)T
f
mode)
T cn ∼ Triang((k
c − γ)T fmode, k
cT fmode, (k
c + γ)T fmode)
T an ∼ Triang((k
a − γ)T fmode, k
aT fmode, (k
a + γ)T fmode)
;X.FéA&ﬁ;?W +LAB%05*&%5*:D;?<-09.CB#31éC3,)B*WY0L0H3,)a.1$'&%(;@<-$Eﬁ;?<-0*WY0*&)N.15%&1+-0V8ﬁ;?:<-0H38ﬁ;?:D;?W,*),:60H3M3,B1+4G@;?&)63
á
à T fmod
á
P$K.10=.10=<>;8I5*:,+-$A.102.S;'(*),+4GK+4)652.10H3L;(0*&A)63KŁ%f$'B1:L<-0=:'<-02.10

;'(*)60*B1:L.b5H(6J%0*<4<-0X.10=)60*W 8%3
à kc
á
 R;?),+-$ 0*&),:607<>;8Q5*:,+-$K.102.S;'(*),+4GK+4)652.CB0H3,),+-$'&1&ﬁ;?+4:60X.10=(H$'&1&%0
Û
+-$'&P0*)L(H0*<4<-02.10H3L;(0*&A)63
à ka
á
 R;?),+-$ 0*&A),:602<>;8I5*:,+-$A.107.S;'(*),+4GA+4)652.CBP(\;?:,&%0*)L.S;'.C:60H36360H3N0*)R(H0*<4<-02.10H3L;(0*&)63
à γ
á
"ﬁ;'(*)60*B1:R.b5*)D;?<-0*WY0*&A)V.109<>; <-$'+.%;?&%3N<b5H(6J%0*<4<-0X.109)60*W 8%3
úL&%0a(H$'&A),:D;?+4&)60V3,B18181<-5*WY0*&)D;?+4:60R0H3,)+4W 8Q$@365H0M0*&Y(H$'&%36+-.15*:D;?&)AB +4<%0H3,)
&%5H(H0H363D;?+4:60M.10aWY0*),),:60] ,$'B1:
<-0N(\;?:,&%0*)ﬃ.S;'.C:60H36360H3a;HG@;?&)a.10M:60?;?:6.10*:a3,+%<-0H3`(H$'&1&%0
Û
+-$'&%3a;HG0H(R<-0MG$'+-3,+4&ﬁ;(0R8Q0*B1G0*&A)ﬁà*),:60L$'81),+4W +-3D5H0H3KŁ
*
0*),)602(H$'&A),:D;?+4&)60X81:60*&%.e<>;

$':,WY02.109< +4&%5?;?<4+4)6573,B1+4G@;?&)60
á
1 ≤ ka ≤ kc
Ł
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*m *m¤n wz\u|     ﬁx Ft-|~t  } z \t  
dwuD|   aw
\S;'(*),+4GK+4)65F.10H3

$'B1:,W +-373D0 :65H3,B1WY0F;?B].15*81<>;'(H0*WY0*&)[. B1&%0Y+4&

$':,WF;?),+-$'&Ł
*
Jﬁ;EAB%0

$'+-3$ABb0*<4<-0Y0H3,)
;'(*),+4G0)ﬁ<>;

$'B1:,W +8Q0*B1)R36$'+4)L0H363D;Ké0*:R.10=),:6$'B1G0*:VB1&^8ﬁ;?+4:RG0*:63N<-0H3BAB%0*<-3R;?818I$':,)60*:L< +4&

$':,WF;?),+-$'&ëAB%0*<4<-0
),+-0*&A)ﬃ36$'+4)a0*&c81:60*&%.C:60RB1&%0V.10N<>;

$'&%0V.S;?),)60*&)60=3,+Q0*<4<-0R0H3,)ﬃ<4+61:60)Ł=0R36)D;?),B1)ﬃ.10R<>;

$'B1:,W +I0H3,)`:65?@<-5V8ﬁ;?:
B1&%09G@;?:,+>;(1<-0GI$A$'<-5H0*&1&%0
busy
AB1+0H3,)L;GK:D;?+ABﬁ;?&%.^0*<4<-02; 0*&^(6Jﬁ;?:107B1&%0=+4&

$':,WF;?),+-$'&Ł
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destination← "$#&%#('*)+(#(",)
,-(.
)

-
()/

dest 6= −1
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0

&AG$Ké0*:
I

destination1
busy← false2
	  
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4
round(I)← round(I) + 15

round(I) = TTL(I)
	 
	 
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busy← @
(.
ACB*-
8

$D.
)

-
()ﬁ4
	  
ﬁ5
úL& ;?<6$':,+4),J1WY0P81:6$Eﬁ;(1+4<4+-3,)60/8Q0*:,WY0*)F.10P(6J%$'+-3,+4:B%0*<4<-0P360*:D; <>;!.10H3,),+4&ﬁ;?),+-$'&
nj
8ﬁ;?:,W +L<-0H3F8ﬁ;?+4:63
.CB G$'+-3,+4&ﬁ;(0
Vi(t)
Bb0*W 81:,B1&A)60*:D;c<>;

$'B1:,W +Ł
*
0*)9;?<6$':,+4),J1WY0[360X(H$'W 8Q$@360.10X81<4B%3,+-0*B1:6395*)D;?8Q0H39AB1+
(H$'W WY0*&%(H0*&A)ﬃ8ﬁ;?:<-0N),:,+Q.10N<b0*&%360*W[1<-0R.10H3G$'+-3,+4&%3ﬃ0*&E.10*B
Û
@:6$'B18I0H3360*<-$'&c3K +4<-3`3D$'&)a$F&%$'&

;281:,+-$':,+¤
+4&A)60*:60H36365H398ﬁ;?:=< +4&

$':,WF;?),+-$'&îc.C+ TQB%360*:KŁ0X:65H36B1<4)D;?)2.10 (H0(*<>;'3D360*WY0*&)70H36)V<>;c(*:65\;?),+-$'& . B1&M@:6$'B18I0
.10H3M8ﬁ;?+4:63N+4&)60*:60H36365H3
Vi(I, t)
0*)L. B1&P;?B1),:60G@:6$'B18I02.1098ﬁ;?+4:63N&%$'&e+4&A)65*:60H36365H3
Vi(I, t)
Ł
Vi(I, t) = {nj ∈ Vi(t) | s(τi←j(t), τ(I)) ≥ smin}

FŁ6Ù
Vi(I, t) = {nj ∈ Vi(t) | nj /∈ Vi(I, t)}

FŁ



$':63N.102(H0*),)6070H3,),+4WF;?),+-$'&%<>;

$'B1:,W +WY0*); ,$'B1:MB1&%0=WY5*WY$'+4:60X(*+4:6(*B1<>;?+4:602(H$'&)60*&ﬁ;?&A)R<-0H3L:65H3,B1<4)D;?)63
.b5*G@;?<4Bﬁ;?),+-$'&%3X.10H3(H$'&1&%0
Û
+-$'&%3KŁ $'B1:X<>;/(H$'&1&%0
Û
+-$'&ﬀ.10
ni
G0*:63
nj
(H0*),)60FWY5*WY$'+4:60F8I$':,)60Y<-0F&%$'W .10
Ei←j(t)
Ł
A
+X<>;X36B1+4)60V.109<>;(*<>;'3636+Pﬁ(\;?),+-$'&^.109<>;

$'B1:,W +K<-098ﬁ;?+4:
nj
0H3,)M.%;?&%3M<-0N@:6$'B18I0
Vi(I, t)
%;?<-$':63
<>;#G@;?<-0*B1:TÙE360*:D;e0*&1:60?@+-3,),:65H0E.%;?&%37(H0*),)60YWY5*WY$'+4:60)Ł Ü=;?&%32<-0Y(\;'3X(H$'&),:D;?+4:60)<>;#G@;?<-0*B1:e0H3,)7+4&%36(*:,+4)60)Ł
úR&%0

$'+-32<-0 :65H3,B1<4)D;?)70*&1:60?@+-3,),:65)<-0 (*B1:6360*B1:X.10[<>;eWY5*WY$'+4:60F0H3,)2.15*81<>;'(H5FG0*:632<>;#(\;'360Y36B1+4G';?&A)60

G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Û
0*W 81<-02. B1&%0=WY5*WY$'+4:60
Ei←j(t)
(H$'&)60*&ﬁ;?&A)	[5*G@;?<4Bﬁ;?),+-$'&%3N8I$@3,+4),+4G0H3N3,B1:[Ù


*
0*),)60a+4&

$':,WF;?),+-$'&F8ﬁ;?:
<>;93,B1+4)60aB1),+4<4+-365H3;µ%&F.b5*G@;?<4B%0*:
< B1),+4<4+4)65N. B1&%0M(H$'&1&%0
Û
+-$'&Y<-$':63.CB[81:6$A(H0H3D3,B%3
.109WY$K.C+Pﬁ(\;?),+-$'&P.CBeG$'+-3,+4&ﬁ;(0)Ł
úL&%0M36),:D;?)65?@+-0MGA+-3 ;?&)=$'81),+4W +-360*:`<-0H3 %B
Û
8I$'B1:,:D;?+4);?<-$':63(H$'&%36),+4),B%0*:`0*&Y<>;9365*<-0H(*),+-$'&F. B1&E.10H3
8ﬁ;?+4:63
8ﬁ;?:,W +(H0*B
Û
.CB[@:6$'B18Q0
Vi(I, t)
Ł
*
0`36$'&)0*&70 TI0*)0*B
Û
AB1+36$'&A)
 7ﬀ  ﬁﬀ <-0H381<4B%3+4&A)65*:60H36365H3KŁ
æ
:K\(H0(DJ%$'+
Û
&%0=8I0*:,WY0*)L8ﬁ;'3V.b0*&GK+-3D;(0*:R<b0
Û
81<-$':D;?),+-$'&!.10=<b0H3,8ﬁ;'(H0X.CB/G$'+-3,+4&ﬁ;(0AB1+3KS;HGI*:60X8I$'B1:,)D;?&)L&%5H(H0H3D3D;?+4:60
.%;?&%37<b$'81),+LB%0E.10 ),:6$'B1G0*:X.10 &%$'B1G0\;?B
Û
8ﬁ;?+4:63sAB1+`360 (H$'&1&%0H(*)60*:KŁ úL&Z(H$'W 81:6$'W +-3X.1$'+4).1$'&%(,à*),:60
),:6$'B1G5E0*&),:60E<b0*&G$'+aG0*:637.10H3X8ﬁ;?+4:63X.1$'&A)$'&]0H3,)7(H$'&F;?&A)[.%;?&%3X< +4&)65*:Bà*)8I$':,)65Y8I$'B1:7< +4&

$':,WF;?),+-$'&
0*)R<-0H3R81:,+-3D0H3R.10(H$'&)D;'(*)2;HG0H([.S;?B1),:60H39AB1+360*W[1<-0*&)9WY$'+4&%3V+4&)60*:60H363D5H3KŁV$'B%3=;HG$'&%39(6J%$'+-36+.10.1$')60*:
<-0H3

$'B1:,W +-3=. B1&%0[&%$'),+-$'&.10<4+61:60Y;?:11+4),:60)ŁúR&%0

$'+-3V<-0H39.C+ TI5*:60*&A)60H32.10H3,),+4&ﬁ;?),+-$'&%3=:65*8ﬁ;?:,),+-0H370*&.10*B
Û
@:6$'B18I0H3Kﬂ<>;

$'B1:,W +),+4:60â#81+4<-0F$'B

;'(H0F8Q$'B1:7.15H(*+-.10*:3,+B1&%0E(H$'&1&%0
Û
+-$'&].CBõ@:6$'B18I0
Vi(I, t)
$'B B1&%0
.10=36$'&P$'818Q$@365
Vi(I, t)
.1$'+4)Nà*),:602(6J%$'+-36+-0)Ł
*
0*),)60=81+LH(H020H36)]1+>;?+-365H0
á
<>; 81:6$Eﬁ;(1+4<4+4)657.102(DJ%$'+-3,+4:NB1&^8ﬁ;?+4:
.10
Vi(I, t)
0H3,)R8ﬁ;?:D;?WY0*),:65H0YB1&%07G@;?<-0*B1:
η
ŁúL&%0

$'B1:,W +8I0*B1)R5?;?<-0*WY0*&)2.15H(*+-.10*:9.10X&%028ﬁ;'3NB1+4),)60*:
<-09&1+-.^0*&^$'81)D;?&A)L8I$'B1:N<>;[.C+4:60H(*),+-$'&
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Ł
*
0H(*+8I0*:,WY0*)L.109;?:6.10*:NB1&%0=+4&

$':,WF;?),+-$'& ;?Be&1+-./0*)R;?),)60*&%.C:60
AB%0=(H0*<4<-0ï (*+36098I5*:,+4WY0=81<4B1)')AB%0=.10=<>;[.C+ TIB%360*:ABﬁ;?&%.e<-09G$'+-3,+4&ﬁ;(0=&%023 éF+4&)65*:60H3D36028ﬁ;'3KŁ
 <ﬃ0H3,)[5?;?<-0*WY0*&) 81:65

5*:D;(1<-0)8I$'B1: $'81),+4W +-360*:[<-0%B
Û
.b5*GA+4)60*:&AB%0F<-0H3WY0H363D;(0E&b0 Tﬂ0H(*),B%0*&)Y.10
8ﬁ;?:6(H$'B1:63ﬃ(?éK(*<4+LAB%0L0*&A),:60L<-0H3`8ﬁ;?+4:63KŁ
*
b0H36)`<>;=:D;?+-3D$'&E.10N<>;281:65H360*&%(H0L.10L<>;=WY5*WY$'+4:60
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;'3636$K(*+-5H0;
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
$':,WF;?),+-$'&
I
ŁFúL&#8ﬁ;?+4:M:60H(H0*G@;?&)NB1&%0V+4&

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
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8I0*:,WY0*)V.10[.15%&1+4:9B1&&%$'W$1:60W +4&1+4WF;?<.10X&%$A0H.13Gc(H$'&%3,B1<4)60*:2;HG@;?&)=.108Q$'B1G$'+4:9:60*)6$'B1:,&%0*:=3,B1:VB1&%0
360H(H$'&%.10

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
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(H5*&ﬁ;?:,+-$E(H$'&%.CB1+-3D;?&)9B1&%023,+4),Bﬁ;?),+-$'&/.10G1<-$K(\;(0=8I$'B1:MB1&%0=+4&
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$':,WF;?),+-$'&
R$'B%3=;?B1:,+-$'&%3=81B!0*&AGA+-3D;(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.10ﬁ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.10H3,),+4&%5H39;?B1)6$':,+-360*:
.10ﬃ)60*<-3:60*)6$'B1:63
$'B$#5*&%5*:60*:.10H3(H$'81+-0H38Q$'B1:ﬂ<4+4W +4)60*:<-0H3:,+-3BAB%0H3.10360),:6$'B1G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0*&1:60`.103,+4),Bﬁ;?),+-$'&ŁV$'B%3;\G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81:65
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5*:65X(H0*),)6036$'<4B1),+-$'&!.102WY5*WY$'+4:60<4+4W +4)65H08I$'B1:V.10*B
Û
:D;?+-3D$'&%3
á
<>;Y81:60*W +L*:60[0H3,)9ABb0*<4<-07& +4W 81<4+LAB%0
8ﬁ;'3`<>;2W +-360R0*&F81<>;'(H0V. B1&c;?<6$':,+4),J1WY0V8ﬁ;?:,),+-(*B1<4+-0*:M.10]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
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
$':,WY0X. B1&.1$'BJ1<-00*)Nà*),:60X5*W +-3607G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*
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V goodi (I, t)
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V badi (I, t)
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P sendi→j (I, t)
.à*),:60M(DJ%$'+-3,+-0)Ł
A
0*<-$'&
<-0=(*<>;'363D0*WY0*&)L.102(H0*),)607.10H3,),+4&ﬁ;?),+-$'&%),:6$'+-3N(\;'3L.C+ TI5*:60*&A)63L8I0*B1G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
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
$'B1:,W +
;?B1:D; 

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V badi (I, t)
Ł
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P sendi→j (I, t)
81:60*&%..1$'&%(#),:6$'+-3 G@;?<-0*B1:63Y.C+ Tﬂ5*:60*&)60H3F3D0*<-$'&
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Û
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0
*
Jﬁ;EB%0a8ﬁ;?+4:`:60H(H0*G';?&A)B1&YWY0H363D;(0M.10NW +-360]  $'B1:.10M(\;?:,&%0*)ﬃ.S;'.C:60H36360a:65*8I$'&%.Y0*& :60H(H$'W WF;?&%.%;?&)
 3D$'&P5*WY0*),)60*B1:VB1&P.10H3R8ﬁ;?+4:63R.10X36$'&^G$'+-3,+4&ﬁ;(0)Ł 
<4B%3R81:65H(*+-365*WY0*&)KI(H$'&%3,+-.15*:6$'&%3V<-07(\;'3R. B1&P8ﬁ;?+4:
nj
:60 H0*G@;?&)=B1&E+4&%3,)D;?&)
t
B1&%0V.10*WF;?&%.10V5*WF;?&ﬁ;?&)M.10
ni
Ł
*
0L8ﬁ;?+4:.C+-3,8I$@360R. B1&E(H0*:,)D;?+4&cG$'+-3,+4&ﬁ;(0
Vj(t)
8ﬁ;?:,W +<-0CB%0*<Q+4<ﬁG@;2(DJ%$'+-3,+4:B1&E8ﬁ;?+4:#2:60H(H$'W WF;?&%.10*:]
ni
ŁD;ﬂ@B1:60 FŁ6Ù 2:60*81:65H360*&)60VB1&%0RGAB%0L8ﬁ;?:,),+-0*<4<-0
.CBe:65H360\;?BP(H$'&%3,+-.10*:65)Ł
ni nj
τj←i(t) τj←k(t)
Vj(t) \ {ni}
Ô#Õ¤Ö#×FŁ6Ù  '  `;?:,+>;(1<-0H3R0*&A),:D;?&)V0*&  0*B^<-$':63L.109<>;[:60H(H$'W WF;?&%.%;?),+-$'&
0 (6J%$'+
Û
0H3,)2;?<-5\;?)6$'+4:60Y0*)2.15*8I0*&%. . B1& 36(H$':60 .10[:60H(H$'W WF;?&%.%;?),+-$'&Ł $'B1:7(6Jﬁ;'(*B1&].10H39G$'+-3,+4&(H0
36(H$':60e0H36)Y(\;?<-(*B1<-5^(H$'W WY0^5*)D;?&)F<>;3,+4W +4<>;?:,+4)65^0*&),:60/<>;(H$'&1&%0
Û
+-$'&Ł
O
B1& +4&%3,)D;?&A)
t
<-0e3D(H$':60e.10e<>;
:60H(H$'W WF;?&%.%;?),+-$'& .CB 8ﬁ;?+4:
nj
8I$'B1:c<>;Z(H$'&1&%0
Û
+-$'&
i, k
0H36)E&%$')65
Rji→k(t)
Ł0P8ﬁ;?+4:
ni
&%0/8I$'B1G';?&A)
5*GK+-.10*W WY0*&)R8ﬁ;'3]à*),:60=:60H(H$'W WF;?&%.15[<4B1+W,à*WY0)1<-0236(H$':60=.102(H0=.10*:,&1+-0*:R&b0H3,)M8ﬁ;'3N(\;?<-(*B1<-5)Ł
Rji→k(t) = sim(τj←i(t), τj←k(t)), nk ∈ Vj(t) \ {ni}

FŁYÞI
A
0*<-$'&e<-0936(H$':60)1(6Jﬁ;EAB%09G$'+-3,+4&ãB1&%0V81:6$Eﬁ;(1+4<4+4)65281<4B%3M$'BeWY$'+4&%3a+4W 8I$':,)D;?&)60X.à*),:609:60H(H$'W WF;?&%.15)Ł
$'B1:,B%0c<-0c8ﬁ;?+4:
nj
:60H(H$'W WF;?&%.10ã
ni
.10#360#(H$'&1&%0H(*)60*:F;?B 8ﬁ;?+4:
nk
(H0*),)60#81:6$Eﬁ;(1+4<4+4)65e0H3,)[&%$')65H0
P recomj→i (k, t)
Ł
<4<-070H3,)N.15%&1+-07;?+4&%3,+
á
P recomj→i (k, t) =
Rji→k(t)∑
nl∈Vj(t)\{ni}
Rji→l(t)
, nk ∈ Vj(t) \ {ni}

FŁ )
úL&%0

$'+-3$AB%0[<-0 8ﬁ;?+4:
nj
;e0 Tﬂ0H(*),B%5Y36$'& (DJ%$'+
Û
ﬂ+4<(H$'W 8Q$@360YB1& WY0H363D;(0Y.10Y:65*8Q$'&%360TB +4<`0*&AG$'+-0

ni
Ł
*
0WY0H363 ;(0 (H$'&A),+-0*&)^<-0H3e(H$K$':6.1$'&1&%5H0H3^.CB 8ﬁ;?+4:#:60H(H$'W WF;?&%.15 ;?+4&%3,+GAB%0P<-036(H$':60!;'363D$A(*+-5 
(H0*),)60/:60H(H$'W WF;?&%.%;?),+-$'&Ł
A
B1:E:65H(H0*81),+-$'& .10P(H0/WY0H363D;(0)
ni
WY0*){  $'B1:c36$'&_(\;?:,&%0*)#.S;'.C:60H36360H3KŁ
A
+
<-0[8ﬁ;?+4:2+4&%.C+LAB%5Y&b5*)D;?+4)78ﬁ;'37(H$'&1&B+4<`0H3,)=81:65\;?<>;(1<-0*WY0*&A)[;,$'B1)65E;?B (\;?:,&%0*)KŁ 
B1+-32<-0 &%$'B1G0\;?B]36(H$':60
Ù)ÙKÞ$ûÙKü#S
  
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!	
0H3,)X0*&1:60?@+-3,),:65)Ł  <`360F8Q0*B1)$AB%0 <>;^&%$'B1G0*<4<-0FG@;?<-0*B1:X36$'+4)7+4&

5*:,+-0*B1:60âe<>;#81:65H(H0H.10*&A)60);?BﬂAB%0*<(\;'3X(H0*<>;
+4&%.C+LAB%0*:D;[B1&^(6Jﬁ;?&J0*WY0*&A)=.10H3N(H0*&),:60H3R. +4&)Bà*:60*)R3D$'+4)L.10=(H0=8ﬁ;?+4:K%36$'+4)N.10
ni
)60*<AB%098Q0*:*B/8ﬁ;?:
ni
Ł
*m *m   Mt w  auItît Fw \t  aw  -u   awöt  Fw \t  aw
0H3ﬃ(H$'&1&%0
Û
+-$'&%3a.CBc&1+-.F8I0*B1G0*&)#à*),:60V; B%3,)65H0H3a;µ%&c.10R<-0L.15*81<>;'(H0*:aG0*:63B1&EWY0*+4<4<-0*B1:a0*W 81<>;'(H0*WY0*&)
.%;?&%3<-0N:65H360\;?BŁ$'B1:M3D;\G$'+4:ﬃ36+%B1&%0R(H$'&1&%0
Û
+-$'&#.1$'+4)à*),:60R(H$'B18Q5H0V$'BF&%$'&A<-0N8ﬁ;?+4:ﬃ5*G';?<4B%0V36$'&FB1),+4<4+4)65V0*&
360]ﬁ;'3D;?&)ﬃ3,B1:<-0L(H$'&A)60*&B#.CBE(H$'W 81)60*B1:a.b5*G';?<4Bﬁ;?),+-$'&c:60*W 81<4+ﬁ8ﬁ;?:<-0H3

$'B1:,W +-3KŁD0L(6J%$'+
Û
. B1&E&%$'B1G0\;?B
8ﬁ;?+4:28ﬁ;?:,W +<b0*&%360*W$1<-0c.10F(H0*B
Û
(H$'&1&AB%33D0&ﬁ;'360,ABﬁ;?&%.î#<4B1+ﬃ3,B1:2<-0 )D;?B
Û
.10Y:60H(H$'W WF;?&%.%;?),+-$'&%AB1+
0*&Z;/5*)65

;?+4)KŁ
*
0*),)60c3,),:D;?)65?@+-0F.10E(6J%$'+
Û
360 :D;?8181:6$K(6J%0c.10F(H0B1+0H3,)X0*&AGA+-3D;(5E.%;?&%37<-0H37:65H360\;?B
Û
.10
:65

5*:60*&)63;HG0H( <>;c&%$'),+-$'& .10 3D$A(*+>;(1+4<4+4)65 B #SµßaŁ;#81:,+4&%(*+48ﬁ;?<-0F.C+ Tﬂ5*:60*&%(H0Y360 36+4),B%0Y;?B!&1+4G0\;?B .10 <>;
3,+6@&1+Pﬁ(\;?),+-$'&e.10V(H0936(H$':60)Ł
O
<-$':63#B%0V.%;?&%3ﬃ<-0H3ﬃ:65H360\;?B
Û
.10R:65

5*:60*&A)63a<>;736$K(*+>;(1+4<4+4)65V+4&%.C+LB%0R<>;(\;?8ﬁ;'(*+4)65
ABS; B1& 8ﬁ;?+4:

$'B1:,&1+4:9.10[I$'&1&%0H3R0
Û
8Q0*:,),+-3D0H3K(H0*)V+4&%.C+-(\;?)60*B1:9),:D;'.CB1+4)9+-(*+<>;F:60H(H$'W WF;?&%.%;?),+-$'&B1+
;
5*)65

;?+4)602.10=(H0=8ﬁ;?+4:N8ﬁ;?:MB1& ;?B1),:60=WY0*W$1:60X.CBe:65H360\;?BŁ
*
Jﬁ;EB%0`8ﬁ;?+4:;NB1&7WF;
Û
+4W7B1W .10
Vmax
(H$'&1&%0
Û
+-$'& ;?B1)6$':,+-365H0H3KŁ(Ü90
81<4B%3K <-0&%$'W$1:60a.10360H3(H$'&1&%0
Û
+-$'&
0H3,)5?;?<-0*WY0*&)#Q$':,&%5L8ﬁ;?:`B1&EW +4&1+4W7B1W
Vmin
Ł $'B1:a3KS;'363,B1:60*:B%0M<>;2G';?<-0*B1:ﬃWF;
Û
+4W7B1W 0H3,):60H3,8I0H(*)65H0)
B1&%07&%$'B1G0*<4<-0X(H$'&1&%0
Û
+-$'&P8I0*B1);à*),:60781:65H(H0H.15H0X.107<>;Y3,B18181:60H3D3,+-$'&P.107<>; WY$'+4&%3VB1),+4<-028ﬁ;?:,W +(H0*<4<-0H3R.15B
5*)D;(1<4+-0H3KŁ
O
%&E.10;?:D;?&),+4:ﬃ<-0N:60H3,8I0H(*)`.CBEW +4&1+4W7B1W
Vmin
)6$'B1)60R.15H(H$'&1&%0
Û
+-$'&c.1$'+4)

;?+4:60M<b$E 0*)ﬃ. B1&%0
.10*WF;?&%.107;?B/8ﬁ;?+4:N.C+-3,)D;?&)KŁ
*
0=.10*:,&1+-0*:R;'(H(H0*81)607.10=(H$'B18I0*:N<>;[(H$'&1&%0
Û
+-$'&/3,+ﬂ<>;[)D;?+4<4<-0=.1023D$'&eG$'+-3,+4&ﬁ;(0
0H3,)=3,),:,+-(*)60*WY0*&A)73,B18I5*:,+-0*B1:60 ;?B!W +4&1+4W7B1W ;?B1)6$':,+-365)ŁV$'B%39&%$'B%3981<>;H$'&%3=+-(*+
.%;?&%39B1& (\;'.C:60[+-.15\;?<$
<-0H3[8ﬁ;?+4:63[&%0#)6$'W[Q0*&A) ,;?WF;?+-3 0*& 8ﬁ;?&1&%0)ŁúR&%0e.15H(H$'&1&%0
Û
+-$'&0H3,)Y.1$'&%(#&%5H(H0H363D;?+4:60*WY0*&A)Y81:65H(H5H.15H0^.10
(H0*),)60e.10*WF;?&%.10^.S;?B1)6$':,+-3 ;?),+-$'&Ł\Ü=;?&%3 B1&0*&GK+4:6$'&1&%0*WY0*&)E+4&%3,)D;(1<-0)
B1&%0#81:6$K(H5H.CB1:60e.10#G5*:,+Pﬁ(\;?),+-$'&
8I5*:,+-$A.C+LAB%0e.10H3F(H$'&1&%0
Û
+-$'&%3E;'(H(H$'W 8ﬁ;(@&%5H0 . B1&%0/;?B1),:60P.10#:65*8ﬁ;?:D;?),+-$'& 360*:D;?+-0*&A)Y&%5H(H0H363D;?+4:60 ;µ%& .10
;?:D;?&A),+4:L<-09:60H3,8I0H(*)N.10H3]I$':,&%0H3N(H$'&%(H0*:,&ﬁ;?&)R<>;[)D;?+4<4<-02.CBeG$'+-3,+4&ﬁ;(0)Ł
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pair ← 
 .
A
#&#
$ , 
	
/

pair 6= −1
	 
	 
0

|Vi(t)| = Vmax
	 
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
|Vi(t)| < Vmax
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
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#
(\;?<-(*B1<-0a<-0a36(H$':60a. B1),+4<4+4)65M.10H3(H$'&1&%0
Û
+-$'&%3KŁ
*
0*),)60ﬃB1),+4<4+4)65M0H3,)
.15%&1+-0a8ﬁ;?:
<-0V&%$'W$1:607.10=.10*:,&1+L*:60H3Q$'&1&%0H3L5*G';?<4Bﬁ;?),+-$'&%3]AB%0V<>;[(H$'&1&%0
Û
+-$'&/;:60 *B^(H$'W 8ﬁ;?:D;?),+4G0*WY0*&A)9;?B#&%$'W[1:60
)6$')D;?<.b5*G@;?<4Bﬁ;?),+-$'&%3N81:,+-3D0H3N0*&/(H$'W 81)60)Ł $'B1:L<>;[(H$'&1&%0
Û
+-$'&
i, j
ﬁ(H0236(H$':60=0H3,)M&%$')65
Ui→j(t)
Ł
Ui→j(t) =
nombre de 1 dans Ei→j(t)
taille de Ei→j(t)

FŁYüI
Ù)Ù ûÙKü#S
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
&^8ﬁ;?:,)D;?&A)L.102(H0*),)60=B1),+4<4+4)65)1B1&P36(H$':60
Sdrop
0H3,)R;?),),:,+61B%5$[(DJﬁ;EB%0X(H$'&1&%0
Û
+-$'&Ł
Sdropi→j (t) = − log
(
Ui→j(t) + ε
1 + ε
)
, ∀nj ∈ Vi(t)

FŁYÝI
O
G0H(
ε
B1&

;'(*)60*B1:
&%$'&Y&AB1<181:6$A(DJ%0N.10 FŁ
)D;?&)ﬃ.1$'&1&%5B%0
Sdrop ∈ [0,− log
(
ε
ε+1
)
]
?(H0a8ﬁ;?:D;?W,*),:60
ε
.15%&1+4)<>;9G@;?<-0*B1:`WF;
Û
+4W7B1W .10H3ﬃ36(H$':60H3`$E1)60*&AB%3KŁ$'B1:ﬃ<b0*&%360*W$1<-0V.10H3`3,+4WXB1<>;?),+-$'&%3KA&%$'B%3ﬃ;\G$'&%3\
Û
5
ε = 0.01
Ł Ü90H3=)60H3,)63X;\G0H(F.C+ Tﬂ5*:60*&)60H3G@;?<-0*B1:637$'&)XWY$'&),:65âB%0Y< +4&%B%0*&%(H0F.10F(H0Y8ﬁ;?:D;?W,*),:60F&b5*)D;?+4)
AB%09),:BH3M<4+4W +4)65H0)Ł
úL& ;?B1),:60 8ﬁ;?:D;?W,*),:60
β
8I0*:,WY0*)#.10ã
Û
0*:E<-0P&1+4G0\;?B . B1),+4<4+4)65PW +4&1+4WXB1W . B1&%0(H$'&1&%0
Û
+-$'&Ł ;?:
0
Û
0*W 81<-0)0*& 
Û
;?&)
β = 0.1
)6$'B1)60H3X<-0H37(H$'&1&%0
Û
+-$'&%3)60*<4<-0H3$AB%0
Sdropi→j (t) ≤ 0.1
3D0*:6$'&)[3,B%36(H0*81),+61<-0H3
.à*),:60Y36B18181:,+4WY5H0H3KŁ
A
+<b$'& +4&)60*:,81:60*)60c(H0*),)60YG@;?<-0*B1:K(H0*<>;#:60*GK+-0*&)^.C+4:60TAB B1&%0Y(H$'&1&%0
Û
+-$'&Z&S;Cé;?&A)
8ﬁ;'3M:60 *B/81<4B%3N.10$Ý  .b5*G@;?<4Bﬁ;?),+-$'&%3N8I$@3,+4),+4G0H3N0H3,)N(H$'&%36+-.10*:65H07(H$'W WY025*)D;?&A)L+4&B1),+4<-0)Ł
$'B1:M(DJﬁ;EB%09(H$'&1&%0
Û
+-$'&
i, j
.CBcG$'+-3,+4&ﬁ;(0)KB1&%0L81:6$Eﬁ;(1+4<4+4)65=.10V.15H(H$'&1&%0
Û
+-$'&
P dropi→j (t)
0H3,)ﬃ(\;?<-(*B1<-5H0
0*&

$'&%(*),+-$'&/.CB/36(H$':60=0*)R.109< B1),+4<4+4)65X;?),),:,+61B%5H07;?B^G$'+-36+4&
á
P dropi→j (t) =


S
drop
i→j (t)∑
nk∈V
′
i (t)
Sdropi→k (t)
+

Ui→j(t) ≤ β
0
+

Ui→j(t) > β

FŁ6Ù I
O
G0H(
V
′
i (t) = {nj ∈ Vi(t) | Ui→j(t) ≤ β}
<b0*&%360*W$1<-0V.10H3
8ﬁ;?+4:63ﬃ.CBYG$'+-3,+4&ﬁ;(0H3+-.10*&%.C+4),+Pﬁ5H3(H$'W WY0
5*)D;?&A)N+4&B1),+4<-0*WY0*&A)V(H$'&1&%0H(*)65H3KŁ
,+  25:8  8 B4	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*
Jﬁ;B%0M5*<-5*WY0*&A)`.C+-3,8I$@360a.10M36$'&  0*BY.10a8ﬁ;?:D;?W*),:60H3'&%$'B%30*&Y.C:60H3636$'&%3'(*+Pï .10H363D$'B%3'B1&1:60:D;?818I0*<
0*&e<-0H3@:6$'B18ﬁ;?&A)R360*<-$'&/<>;8ﬁ;?:,),+-07.CB^31éC3,)ﬀ*WY0=(H$'&%(H0*:,&%5
á
à
5*:,+-$K.10H3L.ﬂﬁS;'(*),+4GK+4)65H3
'
Tmode
á
`(6J%0*<4<-07.109)60*W 8%3
'
γ
á
"ﬁ;'(*)60*B1:V.ﬂﬁb5*)D;?<-0*WY0*&)R.102<>;<-$'+),:,+>;?&ﬃ@<-0
'
ka
á
5*:,+-$A.102:60*<>;?),+4G07.109<ﬁS;'(*),+4GK+4)657.CB^(\;?:,&%0*)L.ﬂﬁS;'.C:60H363D0
'
kc
á
5*:,+-$K.10=:60*<>;?),+4G0X.109<ﬁS;'(*),+4GA+4)65X.CB 0H3,),+-$'&1&ﬁ;?+4:607.102(H$'&1&%0
Û
+-$'&%3
à
=0H3,),+-$'&1&ﬁ;?+4:602.102(H$'&1&%0
Û
+-$'&%3
'
Vmin
á
;?+4<4<-07W +4&1+4W7B1Wd.CB^G$'+-3,+4&ﬁ;!0
'
Vmax
á
;?+4<4<-0=WF;
Û
+4WXB1W .CB^G$'+-36+4&ﬁ;!0
'
ε
á
 L5"@B1<>;?),+-$'& .CB^(\;?<-(*B1<.10H3N36(H$':60H3
'
β
á
úL),+4<4+4)652W +4&1+4W7B1W .ﬂﬁ B1&%07(H$'&1&%0
Û
+-$'&
'
|E|
á
;?+4<4<-07.10=<>;WY5*WY$'+4:6028I$'B1:M<-0H3N5*G@;?<4Bﬁ;?),+-$'&%3
à
Ü95*8 ')N.10H3M81J%5*:6$'WY$'&%0H3
'
α
á
 R5"@<>;!02.10=<>;:D;?81+-.C+4)657.10=.15H(*:6$'+-3D360*WY0*&)
'
ρmax
á
;?B
Û
.10=.15*8 ')NWF;
Û
+4W7B1W
Ù)ÙKü$ûÙKü#S
  
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'
TTL
á
ÜVB1:65H02.10=GK+-0=.ﬂﬁ B1&%0=+4& $':,WF;?),+-$'&
à
"ﬁ$'B1:,W +-3R;?:,),+

(*+-0*<4<-0H3
'0=&%$'W 1:60X.10 $'B1:,W +-3
'
η
á *
$K0  F(*+-0*&)V.10=<4+ 1:607;?: 1+4),:60
'
smin
á
 &)65*:Bà*)NW +4&1+4WXB1W .ﬂﬁ B1&%07(H$'&1&%0
Û
+-$'&
'
n+
á
0*&%.%;?&%(H0X(\;'3 ;?&1+ *:60
à
a$')
'R$'W 1:607.10=(H$'81+-0H3L(*:65H0H3L8Q$'B1:N(DJﬁ;B%02+4&  $':,WF;?),+-$'&
à
 & $':,WF;?),+-$'&%3
' ;?+4<4<-07.102<>;WY5*WY$'+4:607.10H3M8ﬁ;?+4:63MGK+-3,+4)65H3
*
0*<>;N:60*81:65H3D0*&)60aB1&)6$')D;?<C.10NÙKüL8ﬁ;?:D;?W*),:60H3
*
0*:,)D;?+4&%3.ﬂﬁb0*&),:60M0*B
Û
 )60*<-3 AB%0`<-0
ε
?$'&)B1&%0ﬃ+4&%B%0*&%(H0
&%5"@<4+ 0\;!1<-0*ÜﬁS;?B1),:60#36$'&)[+4W 8I$@365H378ﬁ;?:[.10H3[(H$'&),:D;?+4&A)60H3Y0
Û
)65*:,+-0*B1:60H3 0*)&%0E8Q0*B1G0*&A)[.1$'&%(c8ﬁ;'3à*),:60
; B%3,)65H0H3
O 
&Z.10F:65H.CB1+4:60F<-0F&%$'W 1:60#.10Y8ﬁ;?:D;?W*),:60H3:60H3,)D;?&A)63	^:65"@<-0*:&%$'B%3X81:6$'8I$@36$'&%3X.1$'&%(FB1&%0
5*),B%.10 8I$':,)D;?&)3,B1:=<ﬁb0*&%(\;'.C:60*WY0*&) .ﬂﬁ B1& (H0*:,)D;?+4& &%$'W 1:60c.10 G';?:,+>;!1<-0H3;?<-5\;?)6$'+4:60H3X;

& .10YWY0*),),:60F0*&
5*GK+-.10*&%(H02.10H3M:60*<>;?),+-$'&%3R0*&),:602<-0H3L.C+ TI5*:60*&A)63N8ﬁ;?:D;?W*),:60H3
$'B1:M<ﬁb0*&%3D0*W 1<-02.10H3N(\;?<-(*B1<-3AB1+3,B1+4G0*&A)10*)L;

&^.10R&%098ﬁ;'3a&%$'B%3N81<>;'(H0*:N.%;?&%3aB1&^(\;'3a8ﬁ;?:,),+-(*B1<4+-0*:
&%$'B%3N(H$'&%36+-.15*:60*:6$'&%3AB%0 {
|V goodi (I, t)| > 0
|V badi (I, t)| > 0

)D;?&)#.1$'&1&%5 AB%0
Vmin ≤ |V
good
i (I, t)| + |V
bad
i (I, t)| ≤ Vmax

+4<R0H3,)E8Q$@3D3,+ 1<-0^.10/.15H.CB1+4:60PB1&
0*&%(\;'.C:60*WY0*&A)R.10
|V badi (I, t)|
0*)
|V goodi (I, t)|
á
{
1 ≤ |V goodi (I, t)| ≤ Vmax − 1
1 ≤ |V badi (I, t)| ≤ Vmax − 1


6Ù)Ù
*
0H3N5 ABﬁ;?),+-$'&%3N+4W 8I$@360*&)N<-$@+ AB%0*WY0*&) B%0
Vmin ≥ 2

;[81:6$ﬁ;!1+4<4+4)65X8Q$'B1:RB1&%0 $'B1:,W +
f
.107.15H(*+-.10*:V.10=:60H3,)60*:R36B1:N81<>;'(H0
k
$'+-3L(H$'&%3D5H(*B1),+4G0H3R3607.15

&1+4)
(H$'W WY0X<-0H3V81:6$A.CB1+4)9.10H3L81:6$ﬁ;!1+4<4+4)65H3=.10 ;?+4:60X(H0(6J%$'+
Û
E(6Jﬁ;'(*B1&%0[.10H3
k
;'(*),+-$'&%30WY$'WY0*&)=$ <>;
$'B1:,W +
f
0 Tﬂ0H(*),B%0R3 ;=81:60*W + *:609;'(*),+-$'&c0H3,)&%$')65
t0(f)
0H3a;?B1),:60H3`+4&%36)D;?&)63a$F<>;  $'B1:,W +I;!@+4)8I0*B1G0*&)
à*),:60R(\;?<-(*B1<-5H30*&#; $'B1)D;?&A)7(H0N)60*W 8%3+4&1+4),+>;?<<-0R.15*<>;?+0*&),:60V.10*B
Û
;'(*),+-$'&%3
T (f, n)
á
<>; $'B1:,W + 0*:D;236$'&
360H(H$'&%.P(6J%$'+
Û
;?BP)60*W 8%3
t0(f) + T (f, 1)
ﬁ81B1+-3R<-02),:6$'+-36+ *WY0	
t0(f) + T (f, 1) + T (f, 2)
0*)V;?+4&%3,+ B%0
3,B1+4)60  B%3ﬀB ﬁS;?Be(DJ%$'+
Û
n∗
;?Bc)60*W 8%3
t0(f) +
∑n∗(f)
n=1 T (f, n)
 
&e3,B1818I$@3D;?&)AB%09(H0H(*+I3D0L81:6$K.CB1+4)N0*&),:60
<-0H3L;'(*),+-$'&%3
a
0*)
b


b− a + 1 = k
ﬁ$'&/$1),+-0*&)
ξk
ξk =
b∏
n=a
(1− ηδ(|V goodi (I, t)| > 0))
1 + n+
|V badi (I, t0(f) +
∑n
l=1 T (f, l))|+ 1 + n
+


6Ù



*
Jﬁ;B%08ﬁ;?+4:=WF;?+4&A),+-0*&)7<-0&%$'W 1:60Y.10[360H39G$'+-3,+4&%3=0*&),:60F.10*B
Û
G@;?<-0*B1:63
Vmin
0*)
Vmax

*
0H(*+
&%$'B%3
8I0*:,WY0*)=.10X.15

&1+4:=B1& +4&)60*:,G@;?<4<-0 .10G';?<-0*B1:63V8I$'B1:V<ﬁb0*&%3D0*W 1<-0 .10H3VG$'+-3,+4&%39&%$'&+4&)60*:60H363D5H3Q<ﬁS; $'B1)=.10
<>;G@;?<-0*B1:$Ù98I0*:,WY0*),)D;?&)R.10281:60*&%.C:6020*&/(H$'W 81)60=<>;[(H$'&1&%0
Û
+-$'&P.10 I$'B%(*<>;!0
á
1 ≤ |V badi (I, t0(f) +
n∑
l=1
T (f, l))| ≤ Vmax − 1
Ù)ÙKÝ$ûÙKü#S
  
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36$'+4)N5";?<-0*WY0*&A)
2 + n+ ≤ |V badi (I, t0(f) +
n∑
l=1
T (f, l))|+ 1 + n+ ≤ Vmax + n
+
0*)N.1$'&%(
1 + n+
Vmax + n+
≤
1 + n+
|V badi (I, t0(f) +
∑n
l=1 T (f, l))|+ 1 + n
+
≤
1 + n+
2 + n+
0*)%5*)D;?&A)V.1$'&1&%5 B%0
1 − ηδ(|V goodi (I, t)| > 0) ∈ {1− η, 1}
&%$'B%3R$1)60*&%$'&%3

&ﬁ;?<-0*WY0*&)V<ﬁ +4&%5";?<4+4)65
3,B1+4G@;?&)60
á (
(1− η)(1 + n+)
Vmax + n+
)k
≤ ξk ≤
(
1 + n+
2 + n+
)k


6Ù0S 
 ﬁb0  F(\;'(*+4)65N.10a<>;V.C+ TIB%3,+-$'&Y.10H3+4&  $':,WF;?),+-$'&%3`0H3,).C+-(*)65H0a81:,+4&%(*+48ﬁ;?<-0*WY0*&)8ﬁ;?:
<>;L<-$'+%.10ﬃ),:D;?&%3,W +-3D3,+-$'&
P sendi→j (I, t)

A
+(H0*<4<-0ï (*+0H3,)N81:6$K(6J%07.10 ﬁ;?B%(*B1&/),:D;?&%3  0*:,)R&%02360*:D;Y0 Tﬂ0H(*),B%57;?<-$':63 B ﬁ  <ﬁ +4&G0*:6360 8Q$'B1:
B1&%0FG';?<-0*B1:[.10}Ù )6$'B%3X<-0H378ﬁ;?+4:63[360*:6$'&A)31éC3,)65*WF;?),+ AB%0*WY0*&)[+4&%$'&%.15H3


è
 9ﬂ 
ê   0H38ﬁ;?:D;?W*),:60H3
0*&A),:D;?&)20*& 0*B .%;?&%3R<-0(\;?<-(*B1<
.10X(H0*),)6081:6$ﬁ;!1+4<4+4)65[36$'&A)
smin, n
+, Vmin, Vmax
;?&%.
η
 0H3 AB%0*< AB%0H3
5 ABﬁ;?),+-$'&%3 B1+3,B1+4G0*&)98I0*:,WY0*),)60*&)=<>;FW +-3600*& 5*GK+-.10*&%(H0[.ﬂﬁ B1&0*&%3D0*W 1<-0[.107:60*<>;?),+-$'&%3=0
Û
+-3,)D;?&A)90*&A),:60
0*<4<-0H3 :6$'+-3L(\;'3N0
Û
+-3,)60*&A)N8Q$'B1:L<-0=(\;?<-(*B1<.10
P sendi→j (I, t)
á
•
A
+
nj ∈ V
good
i (I, t)
&%$'B%3L;\G$'&%3
P sendi→j (I, t)
∣∣∣
nj∈V
good
i (I,t)
= η
s(τi←j(t), τ(I))∑
z∈V goodi (I,t)
s(τi←z(t), τ(I))
$':C5*)D;?&)M.1$'&1&%5 AB%0
nj ∈ V
good
i (I, t)
K&%$'B%3ﬃ3 ;HG$'&%3AB%0
smin ≤ s(τi←j(t), τ(I)) ≤ 1
Ü9$'&%(
á
η
smin
|V goodi (I, t)|
≤ P sendi→j (I, t)
∣∣∣
nj∈V
good
i (I,t)
≤ η
1
|V goodi (I, t)|smin
0*&

& H81B1+-3 B%0
2 ≤ |V goodi (I, t)|+|V
bad
i (I, t)| ≤ Vmax
&%$'B%3.15H.CB1+-36$'&%3 B%0
1 ≤ |V goodi (I, t)| ≤
Vmax − 1
0*)L;!Q$'B1),+-3D36$'&%3 [<ﬁb0*&%(\;'.C:60*WY0*&A)V3,B1+4G@;?&)
á
η
smin
Vmax − 1
≤ P sendi→j (I, t)
∣∣∣
nj∈V
good
i (I,t)
≤ η
1
smin


6Ù?Ø 
•
A
+
nj ∈ V
bad
i (I, t)
&%$'B%3R;HG$'&%3
P sendi→j (I, t)
∣∣∣
nj∈V badi (I,t)
= (1− η)
1
|V badi (I, t)|+ 1 + n
+
.CB ;?+4) AB%0
1 ≤ |V badi (I, t)| ≤ Vmax − 1
1&%$'B%3L5*)D;!1<4+-3636$'&%3AB%0
á
(1− η)
1
Vmax + n+
≤ P sendi→j (I, t)
∣∣∣
nj∈V badi (I,t)
≤ (1− η)
1
2 + n+


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(H0 AB1+ﬂ&%$'B%3N.1$'&1&%0=<ﬁb0*&%(\;'.C:60*WY0*&A)R8I$'B1:N<-0=360H(H$'&%./(\;'3N.10

@B1:60
Ù


$ûÙKü#S
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•
"+4&ﬁ;?<-0*WY0*&)8Q$'B1:M<-0=(\;'3R$
ni = nj
CB1&^:D;?+-36$'&1&%0*WY0*&A)R3,+4W +4<>;?+4:6078Q0*:,WY0*)N.ﬂﬁb5*)D;!1<4+4: B%0
á
(1− η)
1 + n+
Vmax + n+
≤ P sendi→i (I, t) ≤ (1− η)
1 + n+
2 + n+


6ÙKÞ 
 ﬁ +4&%5";?<4+4)65 6Ù?Øe0H3,)V.15

&1+-08ﬁ;?:V<ﬁb0*&%360*W 1<-0[.10XG';?<-0*B1:63
{smin, η, Vmax}

*
0*<4<-0H3=.ﬂﬁ +4&%.C+-(H0H3 6Ù c0*)
6ÙKÞF8Q0*B1G0*&A)Gà*),:60X(\;?<-(*B1<-5H0H32;\G0H(7<ﬁb0*&%360*W 1<-0 .1078ﬁ;?:D;?W*),:60H3
{, n+, η, Vmax}
 ﬁb5 ABﬁ;?),+-$'& 6Ù0SY8I0*B1)
0*<4<-0F;?B%3D3,+à*),:60Y.15

&1+-0E0*& B1),+4<4+-3D;?&)[(H0 W,à*WY0E0*&%360*W 1<-0E.10 8ﬁ;?:D;?W*),:60H3X0*)X<-0 &%$'W 1:60E.10I$'B%(*<>;!0H3
k
AB%0^<ﬁb$'& .15H3,+4:60 5*G';?<4B%5 0H3cG@;?<-0*B1:63E.10H3c8ﬁ;?:D;?W*),:60H3
Vmin
0*)
Vmax
.15*8I0*&%.10*&)e.10 (H$'&),:D;?+4&)60H3
0
Û
)65*:,+-0*B1:60H3


<4+4W +4)D;?),+-$'&].10ﬁ;?&%.10 8ﬁ;'363D;?&A)60 ﬂ81:655*:60*&%(H0F.10 <ﬁ B1),+4<4+-3D;?)60*B1:
. . .
  R$'B%37;\G$'&%37GKB AB ﬁ +4<
;?<4<>;?+4)B%0
Vmin
36$'+4)3,B18I5*:,+-0*B1: 


8I$'B1: AB%0<-0H35 ABﬁ;?),+-$'&%3
81B1+-36360*&A)\à*),:60a.15

&1+-0H3
Vmax
360*:D;V3,B1818I$@365
;Ké;?&)LB1&%09G@;?<-0*B1:L(H$'&%3,)D;?&A)60 
JÛ
5H02;?B/.15*WF;?:,:D;!07.10  
O
"ﬀ0*)L3,B18I5*:,+-0*B1:60 
Vmin = 2


& :60*),+4:D;?&A)
Vmax
.10H30*&%360*W 1<-0H3[.10E8ﬁ;?:D;?W*),:60H3[.10 
O
" /; B%3,)60*:+4<&%$'B%3;?818ﬁ;?:D;µä-)B%0F<-0H3
5 ABﬁ;?),+-$'&%3 6Ù0S  6Ù?Ø 6Ù R0*) 6ÙKÞR8I0*B1G0*&)à*),:60ﬃ)6$')D;?<-0*WY0*&).15

&1+-0H3
0*&[(6J%$'+-363 ;?&)
<-0H3G';?<-0*B1:63.10
smin

n+
0*)
η
0*)(H0*B
Û
3D$'+4)0*&X(H$'&%36+-.15*:D;?&)
<>;M8ﬁ;?+4:60
{n+, η}
$'B
{smin, η}

*
0H38ﬁ;?:D;?W*),:60H3$'&)B1&%0`+4&%B%0*&%(H0
.C+4:60H(*)603,B1:L<-0X)D;?B
Û
.10.C+ TQB%3,+-$'&.10H3R+4&  $':,WF;?),+-$'&%3 AB1+360*:D;Y81:D;?),+ B%5 0H3R+4&%5";?<4+4)65H0H3=5*)D;!1<4+-0H3V&%$'B%3
8I0*:,WY0*),)60*&)L.107(H$'&%(*<4B1:6023,B1:M<-0 ;?+4) B%0
η
360*:D;B1&%09G';?:,+>;!1<-0X;Cé;?&)RB1&%09+4&%B%0*&%(H0 @<-$ﬁ;?<-07;?B%3D3,+	1+-0*&
.%;?&%3`<-0L(\;'3ﬃ.10N<>;=.C+ TIB%3,+-$'&FG0*:63ﬃ.10H38ﬁ;?+4:63`8I$')60*&),+-0*<4<-0*WY0*&A)ﬃ+4&A)65*:60H36365H3 B%0R.%;?&%3`<-0R(\;'3`(H$'&A),:D;?+4:60=úR&%0
$'+-39(H0*<4B1+Pï (*+
JÛ
5 Q<-0[(6J%$'+
Û
.ﬂﬁ B1&%0[G@;?<-0*B1:=.10
smin
0*)=.10
n+
8I0*:,WY0*),),:D;c:60H3,8I0H(*),+4G0*WY0*&)2.ﬂﬁS; B%3,)60*:9<-0H3
0*&AG$'+-3NG0*:63M<ﬁ B1&%02$'B/<ﬁS;?B1),:602.10=(H0H3L(\;?)65"$':,+-0H3R.10=8ﬁ;?+4:63
,+   6 0;

: 5>?6 0
R$'B%3e;\G$'&%3#+-(*+R81:65H360*&A)65<>; G0*:636+-$'&
è 
&ﬁ;?<-0ê.10 <ﬁS;?< $':,+4),J1WY0!.10 .C+ TQB%36+-$'& .ﬂﬁ +4& $':,WF;?),+-$'& 0*)
.10PWY$A.C+

(\;?),+-$'& .CB :65H360\;?B B1),+4<4+-365P.%;?&%3 
O
" 
*
0*),)60 81:65H360*&)D;?),+-$'& Vù1)c36B1+4GA+-0 .10/)60H36)63FG5*:,+

;?&A)
<-0H3F8Q0*: $':,WF;?&%(H0H3#.10^<ﬁb$'B1),+4<9.%;?&%3E<-0P(\;'.C:60P.ﬂﬁS;?8181<4+-(\;?),+-$'& 8I$'B1:F<-0 AB%0*<R+4<V5*)D;?+4)c(H$'& *B ﬃ(H0*<4B1+R.10P<>;
(*+4:6(*B1<>;?),+-$'&.ﬂﬁ +4&  $':,WF;?),+-$'&%390*&A),:6078ﬁ;?+4:63ÜVB1:D;?&)V<>;Y(H$'&%(H0*81),+-$'&.10 
O
" .ﬂﬁS;?B1),:60H3VWY$A.15*<4+-3D;?),+-$'&.CB
31éC3,)ﬀ*WY0=$'&A)NGABe<-0 ,$'B1:L0*)10*&^8ﬁ;?:,),+-(*B1<4+-0*:ﬁ<-0H3N.10*B
Û
G';?:,+>;?&A)60H3R3,B1+4G@;?&)60H3L$'&)R5*)65=5*),B%.C+-5H0H3
á
•  




 	 



 	  	 


 
*
0*),)60ﬃ81:60*W + *:60aG@;?:,+>;?&)60a3,B18181:,+4WY0a<>;LWY5*WY$'+4:60N;'3636$K(*+-5H0ﬃ;?B
Û
+4& $':,WF;?),+-$'&%3AB1+C(*+4:6(*B1<-0*&A).%;?&%3
<-0L:65H360\;?B  
&c:60*W 81<>;'(H0*WY0*&)C0*)a;

&E.ﬂﬁb5*GK+4)60*:<-0H30*&G$'+-3ﬃW7B1<4),+481<-0H3K(6Jﬁ;AB%0 $'B1:,W +WY5*WY$':,+-360
<-0H3N.10*:,&1+-0*:63N8ﬁ;?+4:63L;?B B%0*<-3L0*<4<-02;[0*&G$Ké57B1&%09+4&  $':,WF;?),+-$'&%3";?<-0*WY0*&)Q.%;?&%3N(H09WY$K.ﬃ*<-0 C<-0H3
$'B1:,W +-3N.CB181<4+ AB%0*&)N<ﬁ +4& $':,WF;?),+-$'&/0*&G$é5H0
O
Be<4+-0*B^.10V),:D;?&%3  0*:60*:L<>;7G0*:636+-$'& B ﬁb0*<4<-0H3N$'&A)L0*&
(DJﬁ;?: 0 ﬁ0*<4<-0H3N0*& $'&)R.10H3N.CB181<4+-(\;?)D;'3AB1+36$'&A)N5*W +-3NG0*:63M<-0H3N.10H36),+4&ﬁ;?)D;?+4:60H3R(DJ%$'+-3,+-3
*
Jﬁ;AB%0 $'B1:,W +.C+-3,8Q$@3D0V.ﬂﬁ B1&%0

$'&%0=.109WY5*WY$'+4:60 $':63ﬀAB%0=<ﬁ B1&%0=.ﬂﬁb0*<4<-0=81:60*&%.e0*&^(DJﬁ;?: 0=B1&%0
+4& $':,WF;?),+-$'& F.C+ TQB%3D0*:ﬁ(H0*),)602WY5*WY$'+4:600H3,)NGK+-.15H07.10H3R.1$'&1&%5H0H3 B ﬁb0*<4<-078Q$'B1G@;?+4)N81:65H(H5H.10*WY0*&)
(H$'&A)60*&1+4: 
<4<-0P0H36)E8ﬁ;?:c<>; 36B1+4)60/B1),+4<4+-365H0.ﬂﬁ B1& ;H$'& 3,+4W +4<>;?+4:60 !<>; WY5*WY$'+4:60!;'3636$K(*+-5H0 ;?B
Û
+4& $':,WF;?),+-$'&%3N)60*<4<-0 AB%0=81:65H360*&A)65H07;?B
Û
360H(*),+-$'&%3M81:65H(H5H.10*&A)60H3
• 
     	



	 

 	   		



  	



*
$'&A),:D;?+4:60*WY0*&)Y;?B!WY$A.ﬃ*<-0E;'(*),B%0*<`$!<-00H3,),+-$'&1&ﬁ;?+4:60Y.10F(H$'&1&%0
Û
+-$'& &%0F360ﬁ;'360AB%0 3,B1:=<-0H3
36(H$':60H3e.10 :60H(H$'W WF;?&%.%;?),+-$'&%3  $':,WXB1<-5H3e8ﬁ;?:#<-0H3#G$'+-3,+4&%3^;

& .10 ;?+4:6036$'& (6J%$'+
Û
8ﬁ;?:,W +=<-0H3
(H$'&1&%0
Û
+-$'&%3N8I$@363,+ 1<-0  5*)D;!1<4+4:
Ù
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 	ﬀﬁﬂﬃ	 !	
úR&%02;?B1),:60=G0*:63,+-$'&/.109<ﬁS;?< $':,+4),J1WY0360V81:6$'8I$@3602.10=.1$'&1&%0*:R;?B 0H36),+-$'&1&ﬁ;?+4:602.102(H$'&1&%0
Û
+-$'&%3N<-0
(DJ%$'+
Û
.ﬂﬁb5*G@;?<4B%0*:2<4B1+PïW,à*WY0 <-0H3=(H$'&1&%0
Û
+-$'&%3 $'B1:7(H0 ;?+4:60 I<-0H3=5*G@;?<4Bﬁ;?),+-$'&%3236$'&A)=B1),+4<4+-365H0 c<>;
81<>;'(H02.CBP36(H$':60=.10=:60H(H$'W WF;?&%.%;?),+-$'& 
R$'B%3V)60*:,W +4&%0*:6$'&%3=(H0[(6Jﬁ;?81+4),:60 36B1:RB1&)D;!1<-0\;?B:65H(\;?81+4),B1<>;?),+ a.10H3VG@;?:,+>;!1<-0H39<-0H3V81<4B%39+4W 8Q$':,)D;?&A)60H3
8I$'B1:M<-0  $'&%(*),+-$'&1&%0*WY0*&A)V.10 
O
"
 
	  	



	  

	


smin
A
0*B1+4<CW +4&1+4W7B1W .10a3,+4W +4<>;?:,+4)65a0*&),:60ﬃ<-0H3),:D;'(H0H3.1081J%5*:6$'WY$'&%0H38I$'B1:(H$'&%3,+-.15*:60*:B ﬁ B1&
8ﬁ;?+4:L0H3,)M+4&A)65*:60H36365
n+
 W 8I$':,)D;?&%(H07.109<>; 8Q$@3636+ 1+4<4+4)65=.10=:60H3,)60*:L;?B^&1+-.e.%;?&%3L<-0=(6J%$'+
Û
.ﬂﬁ B1&%02.10H3,),+4&ﬁ;?),+-$'&
η
*
$A0  F(*+-0*&A)R.10=<4+ 1:607;?: 1+4),:60
 × 6Ù ' ;?:D;?W*),:60H3R:65"@+-363D;?&A)N<-02(H$'W 8I$':,)60*WY0*&)V.10H3$'B1:,W +-3
 
	  	



	  

	


I
úL&%0=+4& $':,WF;?),+-$'&
τ(I)
:D;'(H07.10=81J%5*:6$'WY$'&%0H3V;'3636$K(*+-5H0 [B1&%09+4& $':,WF;?),+-$'&
I
round(I)
V$'W 1:607.10=.15*81<>;'(H0*WY0*&A)63


:6$'B1&%. a.10*81B1+-3N<>; (*:65\;?),+-$'&P.10=<ﬁ +4&  $':,WF;?),+-$'&
I
vus(I, t)
ﬂ+-3,)607.10H3N.10*:,&1+-0*:63N8ﬁ;?+4:63LGA+-3,+4)65H3N8ﬁ;?:
I
 B%3ﬀB ﬁ <ﬁ +4&%36)D;?&)
t
× 


' V$')D;?),+-$'&%3N:60*<>;?),+4G0H3 <>; .15

&1+4),+-$'&/.10H3N+4& $':,WF;?),+-$'&%3
 
	  	



	  

	


τi→j(t)
:D;'(H09.10N81J%5*:6$'WY$'&%0H3M;'3636$K(*+-5H0 2B1&%0L(H$'&1&%0
Û
+-$'&c.10
ni
G0*:63
nj

æ
&c:60*WF;?:ﬀB%0*:D; B%0
<-0H3L.10*B
Û
&%$')D;?),+-$'&%3
τi→j(t)
0*)
τj←i(t)
36$'&)R5 B1+4G@;?<-0*&)60H3
I
úL&%0=+4& $':,WF;?),+-$'&
Vi(t)
 ﬁb0*&%360*W 1<-0.10H3M8ﬁ;?+4:63L;?B AB%0*<-3
ni
0H3,)N(H$'&1&%0H(*)65	<ﬁ +4&%3,)D;?&)
t


ﬀ
36$'&^G$'+-36+4&ﬁ;!0
Vi(I, t)
A
$'B%3R0*&%360*W 1<-0X.10
Vi(t)
+4&)60*:60H363D5=8ﬁ;?:NB1&%0=+4& $':,WF;?),+-$'&
I
Vi(I, t)
A
$'B%3R0*&%360*W 1<-0X.10
Vi(t)
&%$'&Fï+4&)60*:60H363D528ﬁ;?:NB1&%09+4& $':,WF;?),+-$'&
I
τ(I)
:D;'(H07.10=81J%5*:6$'WY$'&%0H3V;'3636$K(*+-5H0 [B1&%09+4& $':,WF;?),+-$'&
I
round(I)
V$'W 1:607.10=.15*81<>;'(H0*WY0*&A)63


:6$'B1&%. a.10*81B1+-3N<>; (*:65\;?),+-$'&P.10=<ﬁ +4&  $':,WF;?),+-$'&
I
 ×ﬂS ' R$')D;?),+-$'&%3L:60*<>;?),+4G0H3 <>; .15

&1+4),+-$'& .CBe:65H360\;?B
	

 



 


	
	

	

 

	


P sendi→j (I, t)

:6$ﬁ;!1+4<4+4)65.109),:D;?&%3  0*:60*:
I
.CB^8ﬁ;?+4:
ni
;?Be8ﬁ;?+4:
nj
[<ﬁ +4&%3,)D;?&A)
t
P dropi→j (t)

:6$ﬁ;!1+4<4+4)65.10=(H$'B18Q0*:L<>;[(H$'&1&%0
Û
+-$'& .CBe8ﬁ;?+4:
ni
;?B^8ﬁ;?+4:
nj
<ﬁ +4&%36)D;?&)
t
P recomi→j (k, t)

:6$ﬁ;!1+4<4+4)65X8Q$'B1: AB ﬁ <ﬁ +4&%3,)D;?&)
t

ni
:60H(H$'W WF;?&%.10 
nj
<>;[(H$'&1&%0
Û
+-$'& 
nk
 ×  Ø 'âÜ95

&1+4),+-$'&%3L.10H3M81:6$ﬁ;!1+4<4+4)65H3R:60*<>;?),+4G0H3R;?B
Û
(H$'&1&%0
Û
+-$'&%3
0N(DJﬁ;?81+4),:60 AB1+ﬁ3,B1+4)`0H36)`(H$'&%3D;'(*:65 9<>;=G';?<4+-.%;?),+-$'&#.10N(H0*),)60L;?:6(DJ1+4)60H(*),B1:60R8ﬁ;?:`<ﬁ +4&)60*:,WY5H.C+>;?+4:609.ﬂﬁ B1&%0
365*:,+-0=.102)60H3,)63M0
Û
8I5*:,+4WY0*&)D;?B
Û

Ù
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*
0 (6Jﬁ;?81+4),:60 0H3,)=(H$'&%3D;'(*:65 E<ﬁb5*),B%.10 .10H398Q0*: $':,WF;?&%(H0H3=.10<>;E81<>;?)60 $':,WY0ﬁﬀﬃﬂ
O
" 
0H3N3,B ,0*)63B1+"!c36$'&)N36B%(H(H0H363,+4G0*WY0*&)9;!Q$':6.15H3M3D$'&)N<ﬁ +4W 81<-5*WY0*&A)D;?),+-$'& .10H3N;?< $ #
:,+4),J1WY0H3`81:65H360*&A)65H3ﬃ;?Bc(6Jﬁ;?81+4),:60R81:65H(H5H.10*&)A<>;=(*:65\;?),+-$'&#.10H3",0*B&% .10L.1$'&1&%5H0H3ﬃ;?+4&%3,+
B%0=<-0H3L3,+4W7B1<>;?),+-$'&%3R0 TI0H(*),B%5H0H3
'F+.- /1032547698:<;=25>?630
 ﬁb5*),B%.10#0(%K8I5*:,+4WY0*&)D;?<-0#81:65H3D0*&)65H0c+-(*+ﬃ(H$'W 8I$@365H0#.10c.10*B&% 8ﬁ;?:,),+-0H3 ;/81:60*W + *:60c(H$'&%(H0*:,&%0#<>;/:60(#
(DJ%0*:6(6J%0!.10PG';?<-0*B1:63#$'81),+4WF;?<-0H3e8I$'B1:E<-0H3c8ﬁ;?:D;?W*),:60H3e.10)ﬀﬃﬂ
O
"+*L),+4<4+-3 ;?&)e(H0H3cG';?<-0*B1:63<>;Z360H(H$'&%.10
8ﬁ;?:,),+-020H36)N(H$'&%3D;'(*:65H0 B1&%02(H$'W 8ﬁ;?:D;?+-36$'& .10=8I0*:  $':,WF;?&%(H0H3M8ﬁ;?:L:D;?818Q$':,) B1&%07.C+ TQB%3,+-$'& ;?<-5\;?)6$'+4:60
;#&%$'),+-$'& .ﬂﬁb$'81),+4WF;?<4+4)65H30H3,)=+-(*+ c:60*<>;?),+4GK+-360*:28ﬁ;?:7:D;?818Q$':,)X;?BZ(H$'&%.C+4),+-$'&%3X.10[)60H3,)63",
& 0 Tﬂ0*)ﬂ<-0H3
&%$'W 1:60*B&%/8ﬁ;?:D;?W*),:60H3=.102<ﬁS;?< $':,+4),J1WY0Y;?+4&%3,+ B%07<ﬁ +4& -%B%0*&%(H0  $':,)60.102<ﬁS;?<-5\;?)6$'+4:60


 :65 B%0*&%(H0.ﬂﬁS;'(*),+.#
G@;?),+-$'& .10H3=.C+ TI5*:60*&A)637(H$'W 8I$@3D;?&)63 V&%0[8Q0*:,WY0*),)60*&A)28ﬁ;'32.10 3,)D;?),B%0*:236B1:2.10H39G';?<-0*B1:632$'81),+4WF;?<-0H3X.%;?&%3
)6$'B%3M<-0H3L(\;'3N.10

@B1:60
'F+0/ /ﬃ
13254 
76ﬂ0 2B25>?6 0 8 6

/&9

R$'B%3F(H$'W WY0*&%(H0*:6$'&%3E(H0e(DJﬁ;?81+4),:60^8ﬁ;?:AB%0*< B%0H3 WY$')63E(H$'&%(H0*:,&ﬁ;?&)E<ﬁ +4W 81<-5*WY0*&)D;?),+-$'& .10:ﬀﬃﬂ
O
"
;VB1:D;?&)R<-0H3N.10*B&%e81:60*W + *:60H3V;?&1&%5H0H3R.10=),:D;HG@;?B&%ﬂ1<-0H3L0 Tﬂ$':,)63N$'&)V0*B^8I$'B1:L$& 0H(*),+ 
<>;:65\;?<4+-3D;?),+-$'& .ﬂﬁ B1&
<
81:6$A.CB1+4)

&1+>=E;\G0H(V<ﬁ +-.15H0=.10L8I$'B1G$'+4:M0 TI0H(*),B%0*:M.10H3a)60H3,)63a.ﬂﬁ B1),+4<4+4)659.10V<>;281<>;?)60$':,WY02;?B181:ﬀH3M.ﬂﬁ B1),+4<4+.#
3D;?)60*B1:63>,
&^8ﬁ;?:,),+-0	Y(\;?B%3602.10H3R(6J%$'+.%^)60H(DJ1&1+ B%0H3 B1+$'&)R5*)65 ;?+4)63  (H02WY$'WY0*&A)L<  ﬁ(H0*),)60781:60*W + *:60
+4W 81<-5*WY0*&A)D;?),+-$'& ;5*)65#W +-360e.10e(@?')65P;?B 81:6$

)F.ﬂﬁ B1&_;?B1),:60#B1),+4<4+-3D;?&A)FB1&3,+4WXB1<>;?)60*B1:E.ﬂﬁb5*G5*&%0*WY0*&)63
.C+-36(*:60*)63
ACB
S
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*
0*),)60#81:60*W + *:60#+4W 81<-5*WY0*&)D;?),+-$'& ;5*)65 ;?+4)60e;HG0H(e<-0
<
ﬀ
:D;'(*),+-(\;?< ,%C),:D;'(*),+-$'& ;?&%.=<L0*8I$':,) ;?& #
@Bﬁ;!0 =


ﬀ ,+<  ?>  ﬂ <3ﬁS;!@+4)2.ﬂﬁ B1&!<>;?&ﬃ;!0Y.10Y81:6$@:D;?W WF;?),+-$'&Z360*W +.#+4&A)60*:,81:65*)651+-0*& (H$'&1&AB .10H37;'. #
W +4&1+-3,),:D;?)60*B1:63L.10V35!K3,)ﬀ*WY0H3a(\;?:aJﬁ;!1+4),B%0*<4<-0*WY0*&)R:60*&%(H$'&),:65=.%;?&%3a<-09(\;'.C:60=.10V<>;X:65\;?<4+-3D;?),+-$'&^.10936(*:,+481)63
8I$'B1:N<ﬁS;'.CW +4&1+-3,),:D;?),+-$'&!.1073D0*:,G0*B1:63 0H3R;?)6$'B1)639.10 ﬀﬃ,0< ]36$'&)93D; ;'(*B1<4)65H0	 ),:D;?+4)60*:V.10H3V(6Jﬁ;1@-&%0H39.10
(\;?:D;'(*)ﬀ*:60H3


(H0 BA1)2.ﬂﬁS;?+4<4<-0*B1:63=8I$'B1:9(H0*<>; AB ﬁ +4<;c5*)65[+4&G0*&)652;?+4&%3,+ B%0[3D;E<-5"0*:60*)65 0*)23D;E8I$':,)D;!1+4<4+4)65
81B1+-3ﬀAB ﬁ +4<3,BDCY)L.10=.C+-368Q$@360*:N.ﬂﬁ B1&/+4&)65*:,81:65*)60*B1:V8Q$'B1:M8I$'B1G$'+4:L0(%15H(*B1)60*:N<-0H3L36(*:,+481)63
 ﬁb$&,0H(*),+ ﬃ.10<>;E:65\;?<4+-3D;?),+-$'&!5*)D;?+4)=<>;FW +-3D0X0*&81<>;'(H0[.ﬂﬁ B1& 0*&GK+4:6$'&1&%0*WY0*&)7.C+4)=.10
<
81:6$K.CB%(*),+-$'& = 
8I$'B1G';?&A)E*),:60.15*81<-$ !50*)ﬂ)60H3,)65;?B181:ﬀH3.10H3B1),+4<4+-3 ;?)60*B1:638I$')60*&),+-0*<-3
*
0(6J%$'+.%X;M5*)65;?+4)(H$'&A),:60<>;a<-$@+ AB%0
Jﬁ;!1+4),B%0*<4<-0 .10 .15*G0*<-$'818I0*WY0*&) B1+G0*B1) AB%0X<-0H3=5*)D;?8I0H32.10<>;c:65\;?<4+-3D;?),+-$'& 36$'+-0*&A)ﬂ.%;?&%32(H0*)2$':6.C:60 I<>;
(H$'&%(H0*81),+-$'& <>;^3,+4WXB1<>;?),+-$'&Z0*)2<-0H37)60H3,)63281B1+-37<ﬁ +4W 81<-5*WY0*&)D;?),+-$'&

&ﬁ;?<-0F0*)2<>;^.C+-3,),:,+ 1B1),+-$'&ﬀ;?B181:ﬀH3X.10H3
B1),+4<4+-3D;?)60*B1:63;Y:D;?+-36$'&!0*&!0H3,)V<>;Y&ﬁ;?),B1:60WFE*WY0[.CB81:6$A.CB1+4)9.15*G0*<-$'818I5 0*)V.10[36$'&(*:,+4)ﬀ*:60[.10 ABﬁ;?<4+4)65
;'363D$A(*+-5  ﬁb$& 0H(*),+ [.10 ﬀ ﬂ
O
" 0H3,)c.10 $'B1:,&1+4:#B1& 36B1818Q$':,) ;'(*+4<4+4)D;?&A)#<-0/),:D;\G';?+4<=.10H3cB1),+4<4+-3D;?)60*B1:63e0*&
3ﬁb$K(H(*B18ﬁ;?&) =<-0*B1:ﬃ81<>;'(H0V.10H3`)?G'(DJ%0H3M.10N8ﬁ;?:,)D;!09.10H3`+4& $':,WF;?),+-$'&%3a0*)ﬃ.10L<>;2W +-3D0L0*&c81<>;'(H0R.ﬂﬁ B1&E:65H360\;?B
36$K(*+>;?<ﬂﬁ;'365=3,B1:L<-0*B1:63N(H0*&),:60H3V.ﬂﬁ +4&)65*:HE*)63 02(*:,+4)ﬀ*:602.10 Bﬁ;?<4+4)652.ﬂﬁ B1&/)60*<$'B1),+4<0H3,)N<>;[3D;?),+-3 ;'(*),+-$'& AB%0
<ﬁ B1),+4<4+-3D;?)60*B1:RGA+-3 [GA+-3L.10H3N:65H3,B1<4)D;?)63R$1)60*&B%3Q;?B^:60";?:6./.10=<ﬁb0 Tﬂ$':,) AB ﬁ +4<.10*GK:D; $'B1:,&1+4:N8Q$'B1:LB1),+4<4+-360*:
<ﬁb$'B1),+4<0*)M.10H3a:60H3636$'B1:6(H0H3NWF;'(6J1+4&%0 AB1+;?B1:6$'&)L5*)659B1),+4<4+-365H0H3  ﬁb5*G';?<4Bﬁ;?),+-$'&/.ﬂﬁ B1&e)60*<(*:,+4)ﬀ*:609&%098I0*B1)M360
;?+4:60 B%098ﬁ;?:R.10H3M)60H3,)63N0*&/36+4),Bﬁ;?),+-$'& %0*&eB1),+4<4+-3D;?&)RB1&^81:6$K.CB1+4)

&ﬁ;?<4+-365
R$'B%3;\G$'&%3;?+4&%3,+1$'81)65M8I$'B1:
B1&Y.15*G0*<-$'818I0*WY0*&)0*&%(DJﬁ;1@-&ﬁ;?&)ﬃ(H$'&%(H0*81),+-$'&F0*)
+4W 81<-5*WY0*&)D;?),+-$'&

&ﬁ;?<-0
81B1+-3R)60H3,)63V0*)LG@;?<4+-.%;?),+-$'&%3JI;?+-3V(H0*),)60X3,),:D;?)65"@+-0X&%03ﬁb0H3,)L8ﬁ;'39;HG0*:65H0[3D;?),+-3 ;?+-3D;?&A)60 ﬁ&%$'B%3R:60*GK+-0*&%.C:6$'&%3
3,B1:N(H098I$'+4&)R.%;?&%3N<>;8ﬁ;?:,),+-0 1+4<>;?&/.107(H0*),)602360H(*),+-$'& 
K
B%0*< B%0H3N8Q$'+4&A)63L(\;?:D;'(*)65*:,+-3D;?&A)R(H0*),)60=+4W 81<-5*WY0*&A)D;?),+-$'&3D$'&)L(*+.# ;?81:ﬀH3R.15*)D;?+4<4<-5H3
• LNMOQP
	
MR:STVUDTXWYJS

R[Z
	
P
	
M\R[STVZ^]_YJS*ZNTXW`TXaTXW

Z

R
	
L

 
0H3=5*<-5*WY0*&A)63=(H$'&%3,),+4),B1),+ 3=.103ﬀ ﬂ
O
" $'&A)95*)65+4W 81<-5*WY0*&A)65H3236$'B%3V<>;  $':,WY0[.10(H$'W 8Q$@3D;?&A)6320*&
),+4:D;?&A)R81:6$

)V.10H3L$'B1),+4<-3V.102(H$'&%(H0*81),+-$'& $'B1:,&1+-3R8ﬁ;?: ﬀ&b ,


ﬀ0*:,<+b &,0H(*) ,
&GK+4:6$'&1WY0*&)  "ﬀcb ,
0H3,)LB1&%0281<>;?)60$':,WY028I0*:,WY0*),)D;?&)V<>; (*:65\;?),+-$'& 0*& ﬀﬃ,+< ].10=81:6$@:D;?W WY0H3VW7B1<4),+.#)?G'(DJ%0H3V81+4<-$')65H3
8ﬁ;?:NB1&^35!K3,)ﬀ*WY0=5*G5*&%0*WY0*&A),+-0*< 
;90*B&% (H$'W 8Q$@3D;?&A)63`3,B18181<-5*WY0*&A)D;?+4:60H3$'&A)5*)65N; ,$'B1)65H3 =(H0*B&% .15H(*:,+4);?BY(6Jﬁ;?81+4),:60L81:65H(H5H.10*&) 0
81:60*W +-0*:0H3,)ﬂB1&7360*:,G0*B1:5H(H$'B1)D;?&A)<-0H3ﬂ:60 ABdE*)60H381:6$ G0*&ﬁ;?&).10
<ﬁ +4&)60*: ;'(H0 @:D;?81J1+ AB%0.10(H$'&A),:5?'<-0
ﬂ <
8Q0*:,WY0*)	e(H0*),)60 +4&)60*: ;'(H0F.10 (H$'W WF;?&%.10*:[.C+4G0*:6360H32$'8I5*:D;?),+-$'&%32)60*<4<-0H3 B%0[<-0Y:60H.15*WF;?:,:D;!0
$'B <ﬁS;?:,:HE*)=.CBP81:6$@:D;?W WY0 0360H(H$'&%.0H3,)LB1&(*<4+-0*&)=360X(H$'&1&%0H(*)D;?&) F<ﬁ +4&)60*: ;'(H0[.10X(H$'&A),:5?'<-0
.107<ﬁb5*)D;?)R.CB^:65H360\;?B 
*
0*<4B1+.# (*+ $'B1:,&1+4) [<ﬁ +4&A)60*: ;'(H0X<-0H3L.1$'&1&%5H0H3V.1$'&)V0*<4<-0X;I0H36$'+4&/3D0*<-$'&^B1&%0
3,),:D;?)65"@+-07.10=(H$'W W7B1&1+-(\;?),+-$'&.10=) !K8Q0
<
81B%3,J =eC8I5*:,+-$A.C+ AB%0*WY0*&)ﬁ<-098ﬁ;?+4: 5*& *:60=B1&e8ﬁ;AB%0*)
(H$'&A)60*&ﬁ;?&)V)6$'B1)60H3N<-0H3N.1$'&1&%5H0H3LB1),+4<-0H3N0*)N<ﬁb0*&G$'+-0X0*&^.C+4:60H(*),+-$'&P.CB/3D0*:,G0*B1:
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Uk]ﬀR

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maR

Rn]ﬀYSTVg
F
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R

aoZ

ZNTVp:MR
*R&%0`81:60*W + *:60ﬃ+4&A)60*: ;'(H0N;L5*)65:65\;?<4+-3D5H0ﬃ;

& .10ﬃ(H$'&),:5?'<-0*:
<ﬁS;'(*),+4GK+4)65.10H3ﬀﬃﬂ
O
"ﬁ3


G$'+4:

@B1:60rqts 
u
0*<4<-0(# (*+0H3,)9(\;?8ﬁ;!1<-0X.10X3607(H$'&1&%0H(*)60*:  B1&(H0*:,)D;?+4& &%$'W 1:60[.ﬂﬁ +4&%3,)D;?&%(H0H39.102<>;Y81<>;?)60 $':,WY0[0*)
.10P:65H(*B18Q5*:60*:#.10H3#.1$'&1&%5H0H3#(H$'&%(H0*:,&ﬁ;?&)e<ﬁb5*)D;?)#.10H3F8ﬁ;?+4:63 0H3 $'&%(*),+-$'&1&ﬁ;?<4+4)65H3  $'B1:,&1+-0H3c8ﬁ;?:
<ﬁS;?8181<4+-(\;?),+-$'& 3D$'&) <>;PGA+-36Bﬁ;?<4+-3D;?),+-$'&.10c<>;/)6$'8I$'<-$@+-0e.CBﬀ:65H360\;?B <>; (H$'&%3,B1<4)D;?),+-$'& .10H3 3,)6$K( C3
.ﬂﬁ +4& $':,WF;?),+-$'&%3.1$'&A).C+-3,8I$@360*&A)<-0H3
8ﬁ;?+4:63;?+4&%36+ B%0M<-0*B1:`G$'+-3,+4&ﬁ;!0 0N3D$'B1:,+4:60 B ﬁS;?: I$':60*&)<-0H3
GK+-3D;!0H3V3,+4),B%5H3 Y<>; 81<>;'(H0.10H3L&dv9B%.13V),:D;'.CB1+-360*&A)9GA+-3,B%0*<4<-0*WY0*&A)R<>;FG@;?<-0*B1:R.CB(*:,+4)ﬀ*:60X.10X3D;?),+-30#
;'(*),+-$'&e.CBc8ﬁ;?+4:&ﬀ
<4B%3M(H0*),)6093D;?),+-3 ;'(*),+-$'&#0H3,) @:D;?&%.10


81:6$A(DJ%0=.10wsK81<4B%3ﬃ<-0VGA+-3D;!0R:60*81:65H360*&A)65
0H3,)N3D$'B1:,+>;?&)
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qts ' ﬂ &)60*: ;'(H0 @:D;?81J1+ AB%02(H$'&),:5?'<>;?&A)R<ﬁS;'(*),+4GK+4)657.10 ﬀ ﬂ
O
"ﬀ.%;?&%3L3D;G0*:63,+-$'&^0*& ﬀﬃ,+< 
;Y360H(H$'&%.10=+4&)60*: ;'(H070H36)N(H0*<4<-0  $'Bﬁ;?&A)L<-09:5?'<-02.102)65*<-5H(H$'W WF;?&%.10	[.C+-3,)D;?&%(H0X.10H3ﬀﬃﬂ
O
"ﬁ3


G$'+4:

@B1:60 q
B
 K0H3$'&%(*),+-$'&1&ﬁ;?<4+4)65H3V3D02:65H3,B1WY0*&A) Y<ﬁb0(%C5H(*B1),+-$'&!.107(H$'W WF;?&%.10H390*)V<ﬁS;1CF(6Jﬁ;!0[.10
WY0H363 ;!0H30*&AG$C!5H3ﬃ8ﬁ;?:`<-0H3`8ﬁ;?+4:63
u
ﬁb0H3,)ﬃ(H0*),)60NWFE*WY0L+4&)60*: ;'(H0 AB1+0H3,)5";?<-0*WY0*&)aB1),+4<4+-365H0N8I$'B1:
<>;(*:65\;?),+-$'&^.ﬂﬁ B1&e:65H360\;?B#GK+4:,),B%0*<I(H$'W 8I$@3659.10V81<4B%3,+-0*B1:63M&dv9B%.13
u
0H3M.10*:,&1+-0*:63M36$'&A)L;?<-$':63M(*:65H5H3
3,B1:RB1&%07WFE*WY0XWF;'(6J1+4&%0[0*)VB1),+4<4+-360*&)9.C+ Tﬂ5*:60*&)6398I$':,)63R.10X(H$'W W7B1&1+-(\;?),+-$'& .10X<>;Y(\;?:,)60X:65H360\;?B
;

&/.1098I$'B1G$'+4:$'&%(*),+-$'&1&%0*:L)6$'B%3M+4&%.15*8I0*&%.%;?W WY0*&)93D;?&%3N3D0 ﬀE*&%0*:N<-0H3MB1&%3N<-0H3R;?B1),:60H3
	
	Jq
B
' ﬂ &A)60*: ;'(H0 @:D;?81J1+ B%078Q0*:,WY0*),)D;?&A)R.10981+4<-$')60*: [.C+-36)D;?&%(H0=B1&/$'Be81<4B%3,+-0*B1:63 ﬀﬃﬂ
O
"%3
u
0H3.10*B&%781:6$@:D;?W WY0H336$'&)0*B&%;?B%3636+5H(*:,+4)630*&3ﬀﬃ,0< #0*)B1),+4<4+-360*&A)<ﬁb0*&%360*W 1<-0a.10`(H$'W 8I$@3D;?&A)63
@:D;?81J1+ AB%0H3V)  8ﬁ;?:N<ﬁ +4&A)60*:,WY5H.C+>;?+4:60X.CB^WY$K.CB1<-0
&)
 
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ﬀﬁﬂﬃ	 !
.10M&ﬁ;\GA+ ;?)60*B1:<4+ 1:60N.10M<>; $'&%.%;?),+-$'&^I $ H+4<4<>; V$'B%3`;HG$'&%3.15*G0*<-$'818Q5L8Q$'B1:`(H0a&ﬁ;\GA+ ;?)60*B1:ﬃB1&
@:60 Tﬂ$'&/0 Tﬂ0H(*),Bﬁ;?&)N<>;:65H(*B18I5*:D;?),+-$'&P.ﬂﬁ +4& $':,WF;?),+-$'&/0*)R;'3636B1:D;?&)M<-02.C+>;?<-$@B%07;\G0H(=<-0H3N5*<-5*WY0*&A)63
.10Y(*+4:6(*B1<>;?),+-$'&ﬀ.10 <ﬁ +4& $':,WF;?),+-$'&].10 ﬀﬃﬂ
O
"
u
0@:60 Tﬂ$'&Z0H3,)7B1& 0(%C0*W 81<-0E.10H3X;?8181<4+-(\;?),+-$'&%3360
3,+4),Bﬁ;?&A)R;?B
<
&1+4G0\;?B/+4&A)60*: ;'(H0 =e.10 ﬀﬃﬂ
O
"
u
0*),)609+4W 81<-5*WY0*&)D;?),+-$'& 1+-0*& B%0 $'&%(*),+-$'&1&%0*<4<-0 %&%0V81BnE*),:609B1),+4<4+-365H020CF(\;'(H0*WY0*&A)V;

&^.ﬂﬁb0 Tﬂ0H(*),B%0*:
.10H33D5*:,+-0H3.10M)60H3,)63.10H3;?< $':,+4),J1WY0H30a81:6$1< *WY0R360M3,+4),Bﬁ;?+4)`0H3D360*&),+-0*<4<-0*WY0*&A)a;?B &1+4G0\;?Bc.10a<>;=(H$'&%(H0*8&#
),+-$'&F.CBE81:6$@:D;?W WY0 ,)D;?&)ﬃ+4&1+4),+>;?<-0*WY0*&)a81:65*GABE8Q$'B1:`B1&E(\;'.C:60L.10L81:6$A.CB%(*),+-$'&  )6$'B%3`<-0H3`8ﬁ;?+4:63`5*)D;?+-0*&A)
0(%15H(*B1)65H378ﬁ;?:.10H3781:6$K(H0H363,B%3365*8ﬁ;?:65H3XB1),+4<4+-3D;?&)[.10H3X:60H3636$'B1:6(H0H3X:65H360\;?B


<-$K(\;?<-0H3 28Q$'B1:(H$'W W7B1&1+ AB%0*:
0*&A),:60X0*B&%  0H3V(\;?8ﬁ;'(*+4)65H3R:65H360\;?B $'&A)R5*)65XB1& ;'(*)60*B1:L<4+4W +4)D;?&A)VWF;?+-3V3,B1:,)6$'B1)R<>; :60*WY$'&)65H0[.ﬂﬁ +4& $':,WF; #
),+-$'&%3=3,)D;'36),+ B%0H393,B1:9<ﬁb0CF(\;'(*+4)65 .CB!3 !C3,)ﬀ*WY0[3ﬁb0H3,)2;HG0*:65H0[8ﬁ;?:,),+-(*B1<4+ *:60*WY0*&A) ;'3,),+-.C+-0*B%360[0*)=(H$ A1)60*B%360
ﬀ5*:,+-$A.C+ AB%0*WY0*&)K(6Jﬁ;AB%0N8ﬁ;?+4:.10*G';?+4)`(H$'&%36),+4),B%0*:B1&YWY0H363D;!0L(H$'&)60*&ﬁ;?&)ﬃ<-0H3
+4& $':,WF;?),+-$'&%3`&%5H(H0H3D3D;?+4:60H3
;?B&%F(\;?<-(*B1<-3ﬃ0*)`<ﬁb0*&AG$C!0*: =B1&c360*:,G0*B1:a0 TI0H(*),Bﬁ;?&A)<ﬁS;!@:65";?),+-$'&e.10H3:65H3,B1<4)D;?)63 ;2(*:65\;?),+-$'&e0*)`<>;7(*+4:6(*B&#
<>;?),+-$'&F.10M(H0H3`WY0H363D;!0H35*)65NB1&%0L;'(*),+4GA+4)65L(H$'&%36$'W WF;?),:,+-(H0L.10M:60H3D36$'B1:6(H0H3
u
ﬀﬃ* 0*):65H360\;?B 
O
W +.# (DJ%0*W +4&
.10E&%$@3[),:D;HG@;?B&%	(H0*<4<-0(# (*+N; .1$'&%(#5*)65EW +-3D0c.10c(@?')65e;

& .10E8ﬁ;'3D360*: PB1&%0#360H(H$'&%.10c+4W 81<-5*WY0*&)D;?),+-$'&
81:65H360*&A)65H02(*+.# ;?81:ﬀH3
,
&),:60/<>;!360H(H$'&%.10 ;?&1&%5H0^WF;?:ﬀABﬁ;?&)c<ﬁS;?:,:HE*)E.CB .15*G0*<-$'818I0*WY0*&)#.10/(H0*),)60e+4W 81<-5*WY0*&A)D;?),+-$'& 0*)Y<>;
ABﬁ;?),:,+ *WY0FWF;?:ﬀABﬁ;?&) <>;

&ﬀ.10E(H0*),)60c),J H360 <-0H3 ;?< $':,+4),J1WY0H3Y;?B](Nv9B1:[.10 ﬀ ﬂ
O
" $'&A)[5*G$'<4B%5H3[0*)[360
36$'&A)ﬃ;?WY5*<4+-$':65H3
O

&F.10NWY0*),),:60V0*&F81:6$K.CB%(*),+-$'& ﬀ ﬂ
O
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